In this paper we present new proofs of the Conway-Gordon-Sachs and Sachs Theorems on the linked cycles in graphs embedded in R 3 . We reduce these theorems to certain property of graphs mapped to the plane.
Figure 2: To Lemma 1
These theorems are classical results of Ramsey link theory, see more in [PS05] . Some applications of Ramsey link theory are presented in, e.g., [SS14] .
We reduce these theorems to results for the plane (see Lemma 3, Lemma 3 and Lemma 3 below). The original proof of the Conway-Gordon-Sachs Theorem [P06, Th. 1.10] has two steps. In the first step it is proved that change of the embedding of the graph K 6 into space does not change the parity of number of pairs of linked cycles in this graph.
1 In the second step one constructs an example [P06, Fig. 13 ] when this number is odd.
In our proof we have planar analogues of these steps (see proofs of Lemma 3 and Lemma 3 , Example 2 and Example 2 below). These analogues are easier, in particular, construction of planar example rather than spatial example is much easier.
The main idea of our proof is shown in the next section. The more technical proof of the Conway-Gordon-Sachs Theorem is given in the section 'Proof of the Conway-Gordon-Sachs Theorem'. Analogous proof of the Sachs Theorem is given in the end of the paper.
There is a shorter unpublished proof of the linear Conway-Gordon-Sachs Theorem invented by Alexander Shapovalov. That proof does not generalise to the proof of the piecewise-linear case.
Proof of the linear Conway-Gordon-Sachs Theorem. In the proof we use the following known lemmas whose proofs are presented for completeness.
1 The proof of the first step uses either one of the following two facts:
(1) any closed spatial polygon and 2-dimensional sphere in space that are in general position intersect at an even number of points; (2) any two piecewise-linear embeddings of the graph K 6 in space are related by isotopy and passing edges one through another. Lemma 1' below follows from the first fact.
Let a, b be segments in space. The segment a is higher than the segment b looking from point O, if there exists a half-line OX with the endpoint O that intersects the segment a at a point A := a∩OX, the segment b at a point B := b ∩ OX, A = B, and A is in the segment OB.
Lemma 1 (see Figure 2) . Assume that vertices of triangles A 1 A 2 A 3 and A 4 A 5 A 6 are in general position in space. If there is a unique side of A 4 A 5 A 6 that is higher than A 2 A 3 looking from A 1 , then these triangles are linked.
Proof. From the definition of the notion higher and since the points A 1 , ..., A 6 are in general position, it follows that the number of those sides of the triangle A 4 A 5 A 6 that are higher than A 2 A 3 is equal to the number of intersection points of the triangle A 4 A 5 A 6 with the convex hull of the triangle A 1 A 2 A 3 . Then the hypothesis implies that the triangle A 4 A 5 A 6 intersects the convex hull of the triangle A 1 A 2 A 3 at a unique point. QED Points in the plane are in general position, if no three of them lie on one line. Definition of the van Kampen invariant. Let f be a set of five general position points in the plane. For any four distinct points A, B, C, D ∈ f the segments AB and CD either are disjoint or have a unique common point. Let the van Kampen invariant v(f ) ∈ Z 2 be the sum modulo 2 of numbers of intersection points of all the unordered pairs of segments with the vertices at the set f and without common vertices:
Example 2. For the collection f 0 of the vertices of a regular pentagon v(f 0 ) = 1.
Lemma 3. [Sk] The van Kampen invariant of each collection of five general position points in the plane is 1.
For the proof we need the following simple result.
Remark 4. If the 6 vertices of two triangles in the plane are in general position, then these triangles intersect each other at an even number of points.
Proof (cf. [BE01] , §1.5). Let A, B, C, D, E, F be 6 general position points in the plane. Note that the intersection of the triangle ABC with the convex hull of the triangle DEF is the union of a finite number of non-closed broken lines. The set ABC ∩ DEF is formed by the endpoints of these broken lines. A broken line has 2 endpoints. Thus |ABC ∩ DEF | is even. QED Proof of Lemma 3. By Example 2 it suffices to prove that v(f ) does not depend on a set f of five general position points in the plane. For this, it suffices to prove that if we change one point keeping the remaining four fixed, so that new five points are in general position, then the van Kampen invariant is not changed. Assume that V ∈ f , V ∈ f and f := (f − {V }) ∪ {V } is a general position set.
Proof that v(f ) = v(f ) when f ∪ {V } is a general position set. For each A ∈ f − {V } denote by
A the triangle with the vertices from f − {A, V }. Then
• the first equality is clear;
• the second equality holds because |V V A ∩ A | is even for each A ∈ f − {V } by Remark 4;
• the third equality holds because for any two distinct points M, N ∈ (f − {V }) the segment M N is contained in exactly two triangles with the vertices from f − {V }, so the number |V V ∩ M N | 'appears twice' in the left-hand sum of the third equality.
Proof that v(f ) = v(f ) in general. There exists a point V such that f ∪ {V } and f ∪ {V } are general position sets. Then v(f ) = v((f − {V }) ∪ {V }) = v(f ) by the previous case. QED Proof of the linear Conway-Gordon-Sachs Theorem. Suppose that points A 1 , A 2 , A 3 , A 4 , A 5 , A 6 are in general position in space. We may assume that A 1 is the unique point among our six points whose first coordinate a is maximal. Denote by E the set of segments joining pairs of points A 2 , A 3 , A 4 , A 5 , A 6 and by E the set of ordered pairs (e, e ) of disjoint segments from E. For any ordered pair (e , e) ∈ E let the number lk(e , e) ∈ Z 2 be lk(e , e) := 1, if e is higher than e looking from A 1 0, otherwise .
The number lk(e , e) depends on the point A 1 but we omit this from the notation. For any segment e ∈ E denote by • A 1 e the triangle with the vertices at A 1 and the endpoints of e;
• by e the triangle whose vertices are three of our six points other than vertices of the triangle A 1 e;
• by lk( e , e) the number modulo 2 of sides of the triangle e that are higher than e:
lk( e , e) := e lk(e , e) mod 2.
Here the summation is over sides e of e .
Remark 5. For any segment e ∈ E, if lk( e , e) = 1, then triangles e and A 1 e are linked.
Proof. Assume that lk( e , e) = 1 for some segment e ∈ E. Then either exactly one side of e is higher than e or any side of e is higher than e. Assume that any side of e is higher than e. Then from the definition of the notion higher, it follows that any side of e intersects the convex hull of the triangle A 1 e. Then these triangles are in one plane and our six points are not in general position. Contradiction. Then exactly one side of e is higher than e and the remark follows from Lemma 1. QED Continuation of the proof of the linear Conway-Gordon-Sachs Theorem. Consider the plane α given by the equation x = b, where b is slightly smaller than a. Points A 2 , ..., A 6 are in one half-space with respect to α and the point A 1 is in the other one. Let π : R 3 − {A 1 } → α be the central projection with the center A 1 . We have • the first equality follows from the definition of lk( e , e);
• the second equality follows from Remark 6 below;
• the third equality is Lemma 3. Hence for some segment e ∈ E we have lk( e , e) = 1. Then by Remark 5 the triangles e and A 1 e are linked. QED
Proof. Since points A 1 , ..., A 6 are in general position in space, points π(A 2 ), ..., π(A 6 ) are in general position in the plane α. Then for any two disjoint segments e, e ∈ E the segments π(e) and π(e ) either are disjoint or intersect each other at a unique point. In the first case the remark holds because for any two disjoint segments e, e ∈ E, if one of the segments e and e is higher than the other, then π(e) intersects π(e ). This fact follows from the definition of the notion higher. In the second case the remark holds because for any two disjoint segments e, e ∈ E, if π(e) intersects π(e ), then exactly one of the segments e and e is higher than the other. This fact follows from the definition of the notion higher and because points A 2 , ..., A 6 are in one half-space with respect to α and the point A 1 is in the other one. QED Proof of the Conway-Gordon-Sachs Theorem.
In the proof we use the following definitions and known lemmas. Some of these lemmas are proved here for completeness.
A set of broken lines in the plane is in general position, if the following conditions hold:
• no three sides of broken lines from this set have a common interior point;
• no vertex of a broken line from this set lies inside a side of a broken line from this set;
• if two sides of these broken lines have a common vertex, then either they are adjacent sides of one broken line from this set or they are end-sides of two different non-closed broken lines from this set and the common vertex of these sides is a common endpoint of these two broken lines.
Piecewise-linear map f : G → R 2 of a graph G is called a general position map, if the set of images of edges of G is in general position.
A plane is in general position to a graph piecewise-linearly embedded in space, if the orthogonal projection of this graph onto this plane is a general position map.
Lemma 7. For any finite graph piecewise-linearly embedded in space there exists a plane in general position to this graph.
Proof. The dimension of the set of all directions of orthogonal projections onto planes is equal to the dimension of the projective plane, i. e. to 2. The set of 'forbidden' directions of orthogonal projections onto planes is (
• A is a vertex of a spatial polygon that is an edge of the graph, e is a side of a spatial polygon that is an edge of the graph;
• M A,e is the set of lines AX, where X is a point on e;
• f, g, h are sides of spatial polygons that are edges of the graph and M f gh is the set of lines that intersect the union of segments f, g, h exactly at 3 points.
For any vertex A and side e the set M A,e is 1-dimensional because any line from this set depends only on point on e. For any three sides f, g, h the set M f gh is at most 1-dimensional because
• if all three sides f, g, h are in one plane, then this set is a subset of projective line;
• if some two of sides f, g, h are in one plane and the third side is not in this plane, then there is at most one line in this set;
• if no two of sides f, g, h are in one plane, then through any point on f passes at most one line from M f gh .
Since the graph is finite, Assume that we have orthogonal projection of disjoint spatial polygons e , e onto a plane that is in general position to these polygons and it is shown which of the polygons passes higher than the other at the intersection points of the projections. Let lk(e , e) ∈ Z 2 be the number modulo 2 of intersection points on the projection at which the polygon e passes higher than the polygon e.
The number lk(e , e) depends on the plane but we omit this from the notation.
Lemma 1 . Assume that we have orthogonal projection of two closed disjoint spatial polygons e , e onto a plane that is in general position to these polygons. If lk(e , e) = 1, then these polygons are linked.
This lemma is a generalization of Lemma 1. We do not prove it here. For any graph G denote by V (G) the set of vertices of G, by E(G) the set of edges of G and by E(G) the set of ordered pairs of disjoint edges of G.
Definition of the van Kampen invariant. Let G be a graph and f : G → R 2 a general position map. For any two edges e, e of G the broken lines f (e) and f (e ) intersect at a finite number of points. Let the van Kampen invariant v(f ) ∈ Z 2 be the sum modulo 2 of numbers of intersection points of the broken lines f (e) and f (e ) for all unordered pairs {e, e } of disjoint edges of G:
Example 2 . For the map f 0 : K 5 → R 2 such that f 0 (K 5 ) is a regular pentagon with diagonals v(f 0 ) = 1. This lemma is a generalization of Lemma 3. See the proof below.
Proof of the Conway-Gordon-Sachs Theorem. Assume that the graph K 6 is piecewise-linearly embedded in space. By Lemma 7 there exists a plane α in general position to K 6 . Denote by A one of the vertices of the graph K 6 . Denote K 5 := K 6 − A. Let f : K 5 → α be the orthogonal projection. For any edge e of K 5 denote by
• E 1 , E 2 the vertices joined by e;
• by Ae the cycle in K 6 on the vertices A, E 1 , E 2 ;
• by e the cycle in K 5 on three vertices other than E 1 and E 2 . From now on in any sum, if the limits of the summation are not written, the sum is over edges e of the graph K 5 . We have lk( e , Ae) 1 = lk( e , AE 1 ) + lk( e , AE 2 ) + lk( e , e) • First and third equalities are clear.
• Let us prove the second equality. For any edge e of K 5 we have lk( e , AE 1 ) = e ∈E( e)
lk(e , AE 1 ).
Any edge e of the graph K 5 − E 1 is contained in exactly two cycles of length 3 in K 5 − E 1 . Then the number lk(e , AE 1 ) 'appears twice' in the sum lk( e , AE 1 ). Therefore this sum is equal to 0. Analogously lk( e , AE 2 ) = 0.
• The fourth equality is an analogue of Remark 6 which is proved analogously.
• The last equality is Lemma 3 because by the choice of α the map f : K 5 → α is a general position map.
Hence for some edge e of the graph K 5 we have lk( e , Ae) = 1. This remark is a generalization of Remark 4. We do not prove it here. Proof of Lemma 3 . By Example 2 it suffices to prove that v(f ) does not depend on the map f : K 5 → R 2 . For this it suffices to prove that if general position maps f, f : K 5 → R 2 are equal on some subgraph K 4 then v(f ) = v(f ). Assume that these maps are equal on a subgraph K 4 . Denote by V the vertex of K 5 that is not contained in K 4 . For any vertex A of K 4 denote by A the cycle in K 4 on three vertices other than A, by V A the edge of K 5 joining vertices V and A. For any two maps g, h : Proof that v(f ) = v(f ) in general. There exists a general position map f : The proof of this lemma is analogous to the proofs of Lemma 3 and Lemma 3 . Proof of the Sachs Theorem. Assume that the graph K 4,4 is piecewise-linearly embedded in space. By Lemma 7 there exists a plane α in general position to K 4,4 . Denote by A, B some two vertices of K 4,4 from different parts. Denote K 3,3 := K 4,4 − A − B. Let f : K 3,3 → α be the orthogonal projection. For any edge e of K 3,3 denote by
• E 1 , E 2 the vertices joined by e so that E 1 , A are in one part, E 2 , B are in the other one;
• by ABe the cycle in K 4,4 on the vertices A, B, E 1 , E 2 ;
• by e the cycle in K 3,3 on four vertices other than E 1 and E 2 . From now on, in any sum, if the limits of the summation are not written, the sum is over edges e of the graph K 3,3 . We have lk( e , ABe) lk(e , e) 4 = v(f ) 5 = 1 mod 2.
• First and third equalities are clear.
• Let us prove the second equality. For any edge e of K 3,3 we have lk( e , AB) = e ∈E( e)
lk(e , AB).
Any edge e of K 3,3 is contained in exactly four cycles of length 4 in K 3,3 . Then the number lk(e , AB) 'appears four times' in the sum lk( e , AB). Hence this sum is equal to 0. For any edge e of K 3,3 we have lk( e , AE 2 ) = e ∈E( e) lk(e , AE 2 ). Any edge e of the graph K 3,3 − E 2 is contained in exactly two cycles of length 4 in K 3,3 − E 2 . Then the number lk(e , AE 2 ) 'appears twice' in the sum lk( e , AE 2 ). Hence this sum is equal to 0. Analogously lk( e , BE 1 ) = 0.
• The last equality is Lemma 3 because by the choice of α the map f : K 3,3 → α is a general position map.
Hence for some edge e of the graph K 3,3 we have lk( e , ABe) = 1. Then by Lemma 1 the cycles e and ABe are linked. QED
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